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3.2 Wahrheitsfunktionen

Menge von Wahrheitswerten
T mit
{0, 1} [image: image1.png]


 T [image: image2.png]


 [0, 1].

Wahrheitsraum
(vorlesungseigene Bezeichnung) ist [image: image3.png]


 = (t, n, T) mit




(W1)
t|T: T 2 -> T





r|T: T 2 -> T





n|T: T -> T







(t, r, n eingeschränkt auf die Menge T),




wobei t: [0, 1] 2 -> [0, 1] eine t-Norm, n: [0, 1] -> [0, 1] eine Involution und r t
das Residuum von t.

Bsp:
t:[0, 1] 2 -> [0, 1] t-Norm, n:[0, 1] -> [0, 1] Involution. Dann sind Wahrheitsräume:



[image: image4.png]


 1 = (t, n, {0, 1}) und [image: image5.png]


 2 = (t, n, [0, 1])



Sei D nichtleere Menge atomarer Ausdrücke. Dann ex.

in [image: image6.png]


 1 genau 2 |D| unterschiedliche Wahrheitsfunktionen und

in [image: image7.png]


 2 unendlich viele.

Wahrheitsfunktion
bzgl. eines Wahrheitsraumes [image: image8.png]


 = (t, n, T) ist eine Abbildung || . ||: F -> T

(wobei F die Menge aller Ausdrücke ist – vgl. 2) mit

(W2)
Für alle [image: image9.png]


 aus F: || nicht-[image: image10.png]


 || = n ( || [image: image11.png]


 || )

(W3)
Für alle [image: image12.png]


, [image: image13.png]


 aus F:


(i)
|| [image: image14.png]


 [image: image15.png]


 [image: image16.png]


 || = t ( || [image: image17.png]


 ||, || [image: image18.png]


 || )


(ii)
|| [image: image19.png]


 [image: image20.png]


 [image: image21.png]


 || = s t ( || [image: image22.png]


 ||, || [image: image23.png]


 || )


(iii)
|| [image: image24.png]


 -> [image: image25.png]


|| = r t ( || [image: image26.png]


 ||, || [image: image27.png]


 || )


(iv)
|| [image: image28.png]


 <--> [image: image29.png]


 || = t (r t ( || [image: image30.png]


 ||, || [image: image31.png]


 || ), r t ( || [image: image32.png]


 ||, || [image: image33.png]


 || ) )

Menge aller Wahrheitsfunktionen
bzgl. tau wird identifiziert mit [image: image34.png]


 = (t, n, T).

Schreibweise: || . || aus [image: image35.png]


.

Wahrheitswert

von [image: image36.png]


 ist das Bild eines Ausdrucks [image: image37.png]


 unter einer Wahrheitsfunktion || . ||

Bem:
[image: image38.png]


 = (t, n, T) sei Wahrheitsraum.


(i)
s t|T: T 2 -> T, da s t (a, b) = n (t (n (a), n (b))) für alle a, b aus [0, 1].


(ii)
Für alle [image: image39.png]


, [image: image40.png]


 aus F:



|| [image: image41.png]


 <--> [image: image42.png]


 || = || ([image: image43.png]


 -> [image: image44.png]


) [image: image45.png]


 ([image: image46.png]


 -> [image: image47.png]


) ||

Satz Existenz von Wahrheitsfunktionen:
Für Wahrheitsraum [image: image48.png]


 = (t, n, T) und Menge der

atomaren Ausdrücke von F, Fa [image: image49.png]


 F, gilt:







Zu jeder Abbildung [image: image50.png]


: Fa -> T ex. genau eine

Wahrheitsfunktion || . || aus [image: image51.png]


, so dass || . || | Fa = [image: image52.png]


.

(W-Fkt. eingeschränkt auf Fa.)

Wahrheitsraum zu t Min:
Sei T beliebige Menge von Wahrheitswerten. Es gilt: [image: image53.png]


 = (t Min, n, T)





definiert Wahrheitsraum genau dann, wenn





n|T:T -> T.

Dreiwertige Lukasewicz-Logik
definiert durch [image: image54.png]


 = (t Min, n s, {0, 1/2, 1})

Eigenschaften von Wahrheitsräumen:
Sei [image: image55.png]


 = (t, n, T) Wahrheitsraum und || . || aus [image: image56.png]


.


Dann gilt für alle [image: image57.png]


, [image: image58.png]


, [image: image59.png]


 aus F:


(I)
(1)
|| [image: image60.png]


 [image: image61.png]


 [image: image62.png]


 || = || nicht-((nicht-[image: image63.png]


) [image: image64.png]


 (nicht-[image: image65.png]


)) ||
De Morgan


(2)
|| [image: image66.png]


 [image: image67.png]


 [image: image68.png]


 || = || [image: image69.png]


 [image: image70.png]


 [image: image71.png]


 ||


Kommutativ



|| [image: image72.png]


 [image: image73.png]


 [image: image74.png]


 || = || [image: image75.png]


 [image: image76.png]


 [image: image77.png]


 ||



(3)
|| ([image: image78.png]


[image: image79.png]


 [image: image80.png]


) [image: image81.png]


 [image: image82.png]


 || = || [image: image83.png]


 [image: image84.png]


 ([image: image85.png]


[image: image86.png]


[image: image87.png]


) ||

Assoziativ



|| ([image: image88.png]


[image: image89.png]


 [image: image90.png]


) [image: image91.png]


 [image: image92.png]


 || = || [image: image93.png]


 [image: image94.png]


 ([image: image95.png]


[image: image96.png]


[image: image97.png]


) ||



(4)
|| nicht-(nicht-[image: image98.png]


) || = || [image: image99.png]


 ||



(5)
Mit || [image: image100.png]


 || = 0:




|| [image: image101.png]


 [image: image102.png]


 [image: image103.png]


 || = 0




|| [image: image104.png]


 [image: image105.png]


 (nicht-[image: image106.png]


) || = 1


(II)
(1) Mit || [image: image107.png]


 || = 0:
|| [image: image108.png]


 -> [image: image109.png]


 || = 1



(2) || ([image: image110.png]


[image: image111.png]


 ([image: image112.png]


 -> [image: image113.png]


)) -> [image: image114.png]


 || = 1


Modus ponens



Schreibweise:

wenn [image: image115.png]








und wenn [image: image116.png]


 dann [image: image117.png]









[image: image118.png]





(3) || (([image: image119.png]


 -> [image: image120.png]


) [image: image121.png]


 ([image: image122.png]


 -> [image: image123.png]


)) -> ([image: image124.png]


 –> [image: image125.png]


) || = 1
Syllogismus



Schreibweise:

wenn [image: image126.png]


 dann [image: image127.png]








       und wenn [image: image128.png]


 dann [image: image129.png]


 







wenn [image: image130.png]


 dann [image: image131.png]





(4) || [image: image132.png]


 <--> [image: image133.png]


 || = Min { || [image: image134.png]


 -> [image: image135.png]


 ||, || [image: image136.png]


 -> [image: image137.png]


 || }

Tautologie
bzgl. eines Wahrheitsraumes [image: image138.png]


 = (t, n, T) ist Ausdruck [image: image139.png]


 aus F, wenn

für alle || . || aus [image: image140.png]


 gilt:
|| [image: image141.png]


 || = 1.

Kontradiktion:

Ausdruck [image: image142.png]


, wenn nicht-[image: image143.png]


 eine Tautologie ist

Beispiele:
a) Sei [image: image144.png]


 = (t, n, {0, 1}).   Für jede Wahrheitsfunktion || . || aus [image: image145.png]


 ist || [image: image146.png]


 || entweder 0 oder 1.
Tertium non datur:

([image: image147.png]


[image: image148.png]


 (nicht-[image: image149.png]


))

Gesetz vom Widerspruch:
([image: image150.png]


[image: image151.png]


 (nicht-[image: image152.png]


))



b) [image: image153.png]


 = (t, n, T).
([image: image154.png]


 -> [image: image155.png]


) [image: image156.png]


 ([image: image157.png]


 -> [image: image158.png]


) ist Tautologie für [image: image159.png]


, [image: image160.png]


 aus F.

Tautologie
in Teilmengen: Seien T 1 [image: image161.png]


 T 2 zwei Mengen von Wahrheitswerten. [image: image162.png]


 1 = (t, n, T 1)

und [image: image163.png]


 2 = (t, n, T 2) Wahrheitsräume. Ist [image: image164.png]


 aus F Tautologie bzgl. [image: image165.png]


 2, so auch bzgl. [image: image166.png]


 1.

Bsp: [image: image167.png]


 1 = (t Min, n s, [0, 1]), [image: image168.png]


 2 = (t Min, n s, {0, 1/4, 1/2, 3/4, 1}). Betrachte (([image: image169.png]


 -> [image: image170.png]


) [image: image171.png]


 ([image: image172.png]


 -> [image: image173.png]


)).


[image: image174.png]


 1:
W11 = {( || [image: image175.png]


 ||, || [image: image176.png]


 || ) ; || [image: image177.png]


 -> [image: image178.png]


 || = 1}



W12 = {( || [image: image179.png]


 ||, || [image: image180.png]


 || ) ; || [image: image181.png]


 -> [image: image182.png]


 || = 1}



W13 = {( || [image: image183.png]


 ||, || [image: image184.png]


 || ) ; || ([image: image185.png]


 -> [image: image186.png]


) [image: image187.png]


 ([image: image188.png]


 -> [image: image189.png]


) || = 1}


Es gilt:
W13 = W11 vereinigt W12
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	[image: image192.png]






Entsprechend definiere W2i für [image: image193.png]


 2 (i = 1, 2, 3).
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